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1. INTRODUCTIOl'i

The problem of the mean convergence of Birkhoff interpolation based
on the roots of unity has been initiated by P. Turin [7J by posing the
following problem:

PROBLEM XLVI. Is it true that, for all I(::.), analytic In 1::.1 < I and
contin uous in 1::.1 ~ I,

lim J II(::'l-,f I(e2rc'kill)Cim,k,(l(::.lj2Id::.I=0? (1.1)
/I • r lei ~ I k ~ I

Here Ci'i,.kO (::.) denotes the fundamental polynomials of Birkhoff inter­
polation of type m= (0, 2) (where the value and second derivative of the
interpolating polynomial are prescribed).

The first investigations of the Birkhoff interpolation based on the roots
of unity were carried out by O. Kis [2]. This early result considered the
problem of interpolating a function prescribing the value and second
derivative of the interpolating polynomial at the nth roots of unity (the
(0, 2 l problem), and the convergence of such interpolation. After some
further special cases (see Sharma [8]), Cavaretla, Sharma and Varga [1 J
have established the existence and uniqueness theorem for all possible
interpolations of this type. A different method was provided by

* An early version of this paper containing the L,-convergence of BirkhofT interpolation
was presented by the author in a seminar of the Mathematical Institute of the Hungarian
Academy of Sciences in January 1984.

15

640 fJ2 I·:

0021-9045/90 $3.00
Copyright i"- 1990 by Academic Pre!>s, Inc

All rights of reproduction in any form reserved.



16 G. FRA~CSICS

Riemenschneider and Sharma [5], and that approach was used to provc a
uniform convergence theorem in the general case.

The mean convergence in thc simplest case, namcly the L,,-convergencc
of the Lagrange interpolation was proved by Lozinski [3]. Lozinski
showed that if I(::.) analytic in 1::.1 < I and continuous 1.:1 ~ 1, then thc
Lagrange polynomial interpolant of I(::.) in the 11 th roots of unity
converges to I(.:) in L,,-norm on the unit circle as 11 --> x, f! > 0.

The object in this paper is to investigate the mean convergence of
Birkhoff interpolation and extend Lozinski's result to all possible Birkhoff
interpolation based on the roots of unity, i.e" to prove the generalized form
of the Turin's problem.

A special case was considered by Szabados and Varma [9].

Fum/amelllal PolYllomials

Riemenschneider and Sharma [5J obtained a form of thc fundamental
polynomials that can be used to establish convergence theorems. Following
the notations used in [5], let /Il=(ln o ,m\, ...,m,,) where O=mo <
111\ < ... < 111,/ are integers. Let ZII = : .:/, = C

2rr ,kll: k = 1, .." 11: denote the
11th roots of unity.

The fundamental polynomials :X1I1.k / (::.) for Birkhoff interpolation based
on ZII are the unique polynomials of degree (q + 1 )11 ~ 1 satisfying

{
l.

:x(~",I,I,: ) =
"'.k./ \ / 0,

if r =j, 1= k,

otherwise,
o~ r, j ~ q; 1~ k, I ~ 11. (1.2 )

If and only if 111, ~ jll, j = 0, ... , (/' the fundamental polynomials exist (see
[I, 5J) and have the form

"
C>:",.k.i(':)= L .:/IIPd/ (.:),

;, (l

__ (~I);+' ",,\ lvlj"Jv)
P () \ ~"'j ,._,.

,k.1 - - L • "( ,) - kn \' 1'1 lVl t

The function M( v) is defined by the determinant

( 1.3)

(1.4 )

(I' )""1 (I' + 11 )""1

(I' + qll)""

(V+qll),,,,

where M,;(v) is the U+Li.+I)-minor of M(v) ((a)",:=a(a~I).. ·
(a-m+I), (a)o=I). The determinant M(v) is positive for any non­
negative integer v. Let I(.:) be analytic for I.: 1< I and continuous on
1.:1 ~ 1.
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THEOREM. Let the linear operator QIII. 11 U; .::) be defined by

(! 11

QIII,,(f;.::) = I I y~:;;)Y'i1.kI'
I () k ~ 1

1I1wrc
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if j= 0;

uniformly in k = I, ... , n, if) = I, .. " q.
(1.5 )

then

lim III-QIII,J(,.::)IIL
1
,=0

n-~ f.

j(1I' all positive p.

COROLLARY (See [5, Remark 2J). The operator Q",.,,((, .::) converges
uniformly to f( z) on compact subsets 0/1.:: I < 1.

Remark. TUf<ln's problem is the special case of our theorem above
when q = I, til = (0, 2), p = 2, and YZ:;, = 0, for k= I, ... , n. The theorem also
includes the Hermite interpolation when m

l
= j, j = 0, I, ... , q.

2. SOME LEMMAS

We first give some lemmas about special determinants anslllg III the
proofs later on.

LEMVlA 1 (See [1,5J). 1/ 0=mO<m 1 < .. , <m'l and m;~jl1 then
M( 1') > °for I' ?: 0; moreover, the generalized Vandermonde-determinant

1 1

:.t. nJl (Ct + 1)"" (:x + q)""
Via) =

cxm'l (:x + 1)111" (:x + q)"'"

is a positive, continuous, and increasing function of:x j(Jr °~ a ~ I.

LEMMA 2. The coetflcients 0/ the fundamental polynomials satis!)' the
j(illowing estimates:

M;,(I')_ MI.;(I'+I)_O(_I_)
/..1(1') M(v+l) - n",,+1

j(Jr v = 0, ... , n - 1 (2.1 )
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M/;(n) 0 ( I ')
M(n) = \11"11 ,'

(2.2)

Proof of Lemma 2. The simple observation

(I' )((1' I) (I' m.-I)(1'+-1.n)/11 =11"'1 -+i. -+i,-- ... -+-1.-_/-
I 11 11 fI 11 11

((I' ' 111
1

( I ) \
= 11/111

- + i.) + 0 - ) ,
11, 11 (

where the O( 1/11) term depends only on i. and tn, gives the estimates

for 0 :( v :( 11. Therefore, by (2.3), (2.4), and Lemma I.

MJ,;(v)=_1 V/ 1 (V/I1)+0(I/n)=o(_1\
M(v) n/ll l V(v/n) + 0(1/11) fI/II)

(2.3 )

(2.4 )

that immediately proves the second assertion of Lemma 2. Similarly, we
have

M/,;(v)
M(v)

Mj,i (v + I)

M(v+ 1)

I (Vi,;(v/n)+O(I/n) V/;((V+I)/n)+O(I/n))
= n/ll l V(v/n) + 0(1/11) - V((v + 1lin) + O(I/n) ,

We need only estimate the terms in parentheses. The elementary estimate

(
1'+1 .)/111 (\. )11I1 (1)--+A = -+X +0-

n n 11

shows that

( 1'+ 1) (V) (I)Vi; -n- = Vi,; ~ +0 ~

(
V + 1) _ (\.) (I)V -- -V - +0 -

n n 11

and these, together with the estimates above. prove (2.1 ).
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LEMMA 3 (M. Riesz [6J). Let f(z) = L:~o akzk he analytic in Izi < [
and continuous in Izi ~ I and let sll(z)=LZ~()akzk he the nth partialsurn
oj' the power series expansion for f(z), Then

for all p > I.

LEMMA 4 (Marcinkiewicz and Zygmund [4 J). For any algehraic poly­
nomial PIl(Z) oj'degree at most n-I, there is a constant cil depending only
on p, such that

(
I II )111

iIPIl(z)IILI'~CI' - L IPIl(zdll'
n k 1

3. PROOF OF THEOREM

for all p > 1.

Hf(z) is analytic for Iz1 < I and continuous for 1z1 = I, then let wj(6) be
the modulus of continuity of f('I\), Using the lemma of O. Kis [2J there
exists a polynomial G(z) of degree n(q+ I )-1 that

and

(3.1 )

for m=I,2,oo. (3.2)

on the closed unit circle. The unicity of the Birkhoff interpolation implies
that G(z) can be written in the form

'I

G(z) = L L G(IIII)(Zkll):X,ilkl'
I~ () k ~ j

Since

and by (3.1) Ilf - Gil /1' ~ C j w( I/n), it is enough to prove that

I, IIG ~ ~ ,lm;l1m - L. L.. J k,ll 'Y.1II.k./
fl---+ Of. ; () k = 1 L r

lim
£1 11 i

'. ' (G(III/I(z. ) - V(III/)) 'Y. - .·1 = o.i...J ~ /.:n ~ k.n. 01./.:.;
I ~ () k ~ 1 /'1'

(3.3 )
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Substituting the explicit form of the fundamental polynomials into (3.3)
and with the notation g, I" := CI"'II(:::,,,) r~";:I. we need only estimate

'I 'I 1 1 " I i'vl (l') n IL L i- L _1_,,"_ L g'.I,,,:::t' ":::'
/-\J i--\J In,-\J Ai(l') , I Ii'

(3.4 ;

Using the summation by parts formula with respect to

we have

, ( "C ,(v)·= "" "" (T, -"'i r)_,
I· . L.. L ,-.,/.. 1.11-1,: -"

" - \J , I /

G( --I )=0. (3.5 )

" I M, ,(v)" I
"" _.1_''._ "" g . ~!nl \' _ \

L.. M() L k.l·n~k ~,_ () v, I

"""I (Mi.i(l') Mli(v+ I)). MI,(n).
=L.. -'--- ' G(v)+ Ci/(n-Ij.

,~() M(v) M(l' + 1) I J M(n)

Consequently. by (3.4 l.

I

• C - I I r~~;;lc.(III' i Iii

/ \J, I I"

~ ~, 111

",,1 (MI'(l'J MIJl' + 1)) -' 1'1,'

~ L.. L.. - L.. --- (J(v)!
I \J, () n, \J M( v) M( v + I ) I i Ii'

+ I I I'll MI,(nj C( 1)11'
I _ \J ,_ () ~ M (n ) I n - 1/,

(3.6)

Applying Lemma 2. the first term on the right in inequality (3.6) is
bounded by

.' I 'I /

0(-----;;;;-:+1 L max IIGI(v)II,.,)
n· I () \' - 0.1. II

Similarly for the second term in (3.6). we obtain

Since the polynomials

(3.7 )

(3.8 )

,) -'
~ . 1'=0. I ..... n- 1
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are the partial sums of the power series expansion for Gr(n - I ), it follows
from Lemma 3 that

for I' = O. I..... n - I. (3.9)

Combining the inequalities of (3.6 )-(3.9), we obtain

G - rIo Ie~ 1 l'~'::;)'1l1lkl 1", :s; () C~", II
o

~ Gr(n - I) III)' (3.1 0 )

In order to apply Lemma 4 for the polynomials G/(n - 1), we need to
compute their values on the nth roots of unity. Recalling the definitions of
(3.5), we see that

)
" I" 1

r ~r = I gk.,j,ll:tl - I :/\ r;:r

Ie ~ 1 . n r~'O

and

Thus, by Lemma 4,

We remark from (3.2) and (1.5) that gle I." = o(n"'!) uniformly in k = I, ... , 11;
j = O..... q; therefore.

I~ Gj(n - I) IIII' = o(n'''').

Then, substituting the above in (3.10) gives

that completes the proof of the theorem. Finally, by the Cauchy integral
formula, the corollary is an immediate consequence of the theorem.
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